Previous work by the authors presented a new synthesis method for both state and output feedback controller design for piecewise-affine systems. The control strategy was shown to perform effectively in several examples. However, its theoretical properties were only investigated for a very specific case based on two implicit assumptions: (i) the absence of sliding modes at the hyperplane boundaries between regions with different affine dynamics; and (ii) the fact that both the plant and the controller started in the same region and always switched regions at the same time. The current paper addresses the problems that can arise when these assumptions are violated, and it presents, for the first time, a rigorous and general analysis of the stability of the closed-loop system when the assumptions are removed.
Introduction
Piecewise-affine (PWA) systems represent a powerful modeling class for many nonlinear systems [l] . They arise naturally from linear dynamics in the presence of saturations or as simple examples of hybrid systems where the continuous dynamics within the different discrete modes are linear or affine 121. Several promising methods have recently been developed to analyze piecewise-linear and piecewise-affine systems [3, 4, 51. The analysis methods reported in [3,4, 51 pose the analysis problem as a search for a quadratic Lyapunov function for each affine system defined in a region of the state space. The problem is then reformulated in terms of a convex optimization program involving Linear Matriz Inequalities (LMIs) IS], which are then solved numerically with available software. Synthesis methods [5, 7, 81 have also been developed using convex optimization programs based on the analysis methods in [3, 4, 51. However, these approaches do not address the output feedback problem. Furthermore, they do not provide a systematic synthesis method that can explicity avoid sliding modes or handle multiple equilibria.
More recently, Refs. [9, 101 present a new estimation algorithm for a class of hybrid systems. Their approach is based on gain-scheduling ideas as applied to jump linear systems. However, the approach applies to systems that have distinct measurements of the plant output and the switching parameters. Output feedback has recently been developed for discrete-time piecewise-affine systems in Refs. 
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Following the research initiated in 1141, the current paper offers a Lyapunov-based approach to the design of a regulator and an observer for piecewise-affine continuoustime systems that do not necessarily have measurements of the switching parameters. Advantages of this design approach are that it provides a controller, a Lyapunov function that proves stability, and it enables switching based on the estimated states rather than on measured parameters. Examples in [14] show that the control strategy performs effectively, but the theoretical p r o p erties of the approach were only investigated for a very specific case in which two implicit assumptions were made: (i) the absence of sliding modes at the hyperplane boundaries between regions with different affine dynamics; and (ii) the fact that both the plant and the controller started in the same region and always switched regions at the same time. The current paper extends the method in [14] and presents a formal andysis of the closed-loop stability under more general conditions. The paper is organized as follows. The system description is presented first, which is followed by the formulation of the piecewise-affine (state and dynamic output) feedback synthesis. The stability of the closed-loop system is analyzed in Section 3.2.2.
System Description
It is assumed that a piecewise-affine system and a corresponding partition of the state space with polytopic cells R;,i E I are given (see [l] 
where z ( t ) E R", u ( t ) E R'", y ( t ) E RP. Each polytopic cell has a finite number of facets and vertices. and Rj is contained in the hyperplane described by
A parametric description of the boundaries can then be obtained a s [5] (see Fig. 1 
Controller Synthesis
The control design concept for piecewise-affine systems is depicted in Fig. 2 . It is assumed that the control objective is to stabilize the system to the desired closedloop equilibrium point xci. Given a nonlinear system, there are two main steps in controller design: computing a piecewise-affine (PWA) approximation of the dynamics and designing a PWA controller for this new set of dynamics. Only the second process is analyzed in this paper; the first step is described in Ref. (11. 
State Feedback
Following prior analysis of PWA systems [3, 4, 51, consider the piecewise-quadratic Lyapunov function
where Pi = PT E R("'"), qi E En, T , E R a n d for i = 1,. , , , M. The expression for the candidate Lyapunov function in each region can be recast as 131
Let a; be the desired decay rate for this Lyapunov fnnction in each region R;. Then, defining a performance criterion as min ai,
the state feedback control design problem is to find from the class of control signals parameterized in the form 
Setting xZl to be the given desired closed-loop equilibrium point for region R, (selected using the optimization procedure in [l] ) yields the constraint
Using the boundary description (3), continuity of the candidate Lyapunov function across the boundaries is enforced for each region R; and for j E Ni by [5] F;(Pi -Pj)F, = 0,
is continuous, the fact that V is piecewise-quadratic also implies that V is radially unbounded, i.e., V ( x ) 4 +CO as 11x11 -* CO, provided P;
The function V ( x ) in (4) will be a Lyapunov function with a decay rate of a; for region R i if for fixed 2 0
Using the polytopic description of the cells (1) and the S-procedure [6] , it can be shown (21 that sufficient conditions for stability with a guaranteed decay rate of ai for each region Ri are the existence of Pi = P , ' > 0, 
To avoid sliding modes, the vector field 5 will be constrained to be continuous across the boundaries. Defining the sliding surface between regions R, and Ri as { x E WRlu,j I c c x -dij = 0}, then uij must be continuous at the boundary. Assuming that A, and bi come from a PWA function which is continuous at the hyperplane boundaries, it can be shown using (3) (15) when Bi = B, .
The optimization problem is then to maximize (7) subject to the constraints (9), (lo) , (12)- (15). This problem is not convex, because of the terms involving products of unknowns (such as P; and BiK,). However, if some of the unknowns are fixed, the inequalities will be linear in the other unknowns (for example, if P, is fixed, the inequalities are linear in Xi). Inequalities with such products of unknowns are called BMIs [E] . One way to solve the optimization problem locally for a suboptimal solution is to iterate between a set of two convex problems [15] involving LMIs, which has been called the V -K algorithm (discussed in next section).
Remark 3 There are branch and bound algorithms for solving MP-hard BMI optimization problems for a global maximum 1151. However, these algorithms consist of global searches, which are non-polynomial time and are typically not computationally tractable for designing dynamic controllers using a medium/large number of polytopic regions. 
Dynamic Output Feedback
The goal is to design a full-order output feedback controller with state space representation in each region RI 6, = A c~x , + L , y +b,,, 
The control Lyapunov function is now
1, x E R;, xc E Rj otherwise '
for i,j = 1,. . . , M. The facet hyperplane boundaries now belong to one of two classes: boundaries indicating a plant switch or boundaries indicating a controller switch, described respectively by For a given i and j we associate an index k = T ( i , j ) , where T is an injective mapping. Using this notation, the continuity conditions (10) are rewritten as
for k = 1,. . . , M Z and h E Nk. The next step is to derive the constraints to avoid sliding modes at the boundaries. Because of the structure of the augmented state space, there are three possible switching scenarios:
1. The state of the plant switches at a plant hyper-2. The state of the controller switches at a controller 3. Both of the above switches occur at the same time.
Cases 1 and 2 can cause sliding modes in a hyperplane boundary of dimension 2n -1, while case 3 can cause sliding modes in a 2n -2 dimensional hyperplane. 
, M and h E N k .
Case 3: Following the same reasoning, when both states switch at the same time, the constraints are
for a, k = 1,. . . M , j E AY and h E AT. Therefore, the combined set of sliding mode constraints are given by Eqs. One way to enforce continuity of the control is to include what are effectively actuator dynamics into the plant. For example, assume the actuator dynamics
for xc E R j , and where uc is the input signal to the actuator. The order of the system dynamics will then increase by one state for each input. Note that the parameter T~ can he optimized as part of the control design.
The synthesis of the output feedback controller is divided into two steps: 1. Nominal design, which assumes that the controller and plant states start in the same region and always switch at the same time, 2. Extended design, which assumes that the nominal controller is used to initialize an iteration process designed to increase the region of stability.
Nominal Design:
The results in this section assume that the controller and plant state start in the same region and always switch at the same time so that i = j in (17). For notational simplicity, the subscript ai will be replaced by just i. This assumption simplifies the sliding mode constraints which reduce to Step of the previous iteration. Constraining ai to be upper bounded (by a large number) and adding the constraint that the performance index should be higher than the one obtained in the previous iteration guarantees the convergence of the V-K iteration. In particular, convergence follows from the fact that the sequence of performance indices is monotonically increasing and upper bounded.
~~( ( B i K i -B j K j ) i ; j + B , m , -B j m j )
0
To be able to switch based on state estimates rather then measured outputs, a controller with the structure o f a regulator and an observer must be designed. Setting xc = S -zf, Ref.
[14] showed that state estimation can be performed using the controller structure (17) with the constraints
Note that (29)-(30) must be included in the If-Step to obtain a regulator/observer structure.
Solving the regulator/observer synthesis problem extends the results in [6] to the case of piecewise-affine systems. However, in contrast to those results, this problem cannot currently be formulated as a convex program for piecewise-affine systems. Consequently, finding a global solution is computationally expensive. In fact, it has been shown 1161 that even proving stability for certain simple piecewise-affine systems is either an NP hard problem, or undecidable,
Extended Design:
The assumptions from the last section are very stringent. However, they enable the design of a controller using an optimization proce dure that does not rapidly grow in complexity as the number of regions increases. The V-step can be changed to solve the problem offinding the Lyapnnov function that maximizes the volume of the invariant set verifying the conditions of Theorem 3.1. However, this problem is not convex.
Example
Consider a temperature exchanger system connected to a heat source with unitary flow rate qo = 1 and whose temperature obeys the first order differential equation = c(T)T+qo +U. The temperature coefficient has the following piecewise-constant characteristic
which (setting z = 2') generates the polytopic regions RI = {Z E R~x < 0}, Rz = { X E BIZ > 0). ASsume the temperature is measured but the measure ment is noisy. It is then necessary to estimate the temperature to know when to switch controllers. An searching for the Lyapunov function that minimizes the maximum condition number of the matrices P,, the analysis proved exponential stability of the closed-loop system inside the largest invariant set contained in D, with a guaranteed decay rate mini ai = 0.0021. The Lyapunov function is shown in Fig. 3 . Starting the closedloop system in all possible combinations (plant in R i and controller in Rj) gives the results in Fig. 4, which shows trajectories in the plane ( x , x c ) overplotted with the Lyapunov function level curves. Note that, as desired, all trajectories starting from within the largest region of guaranteed exponential stability for the system converge to the equilibrium point in the bottom left rectangle (which is region (RI x RI)). 5 
Conclusions and Future W o r k
This paper has developed a new method for designing state and output feedback controllers for piecewise-affine systems based on mathematical programming. The paper shows that, by adding a new set of linear constraints to a previously published optimization problem, a nominal stabilizing regulator and observer can be designed to guarantee the absence of sliding modes in the switching of a piecewise-affine system. Furthermore, it is shown how the region of stability of this nominal controller can be enlarged as the result of an iterative optimization procedure. The inputs to the design process are the dynamics of the PWA plant, the parameters of the polytopic descritpion and the desired closed-loop equilibrium points for each polytopic region. Given a nonlinear dy- namical system, all these inputs are provided by the algorithm developed in Ref. [l] . Current work is focused on integrating the design approach in this paper with the algorithm from [l] to select the desired closed-loop equilibrium points.
